Abstract. The n-dimensional complex hyperquadric is a compact complex algebraic hypersurface defined by the quadratic equation in the (n+1)-dimensional complex projective space, which is isometric to the real Grassmann manifold of oriented 2-planes and is a compact Hermitian symmetric space of rank 2. In this paper we study geometry of compact Lagrangian submanifolds in complex hyperquadrics from the viewpoint of the theory of isoparametric hypersurfaces in spheres. From this viewpoint we provide a classification theorem of compact homogeneous Lagrangian submanifolds in complex hyperquadrics by using the moment map technique. Moreover we determine the Hamiltonian stability of compact minimal Lagrangian submanifolds embedded in complex hyperquadrics which are obtained as Gauss images of isoparametric hypersurfaces in spheres with g(= 1, 2, 3) distinct principal curvatures.
Introduction
Let (M, ω) be a 2n-dimensional symplectic manifold with symplectic form ω. The Lagrangian submanifold L in M is by definition an n-dimensional smooth submanifold L in M such that the pull-back of ω to L vanishes. It is an interesting problem to investigate Lagrangian submanifolds in specific symplectic manifolds such as Kähler manifolds, complex space forms, Hermitian symmetric spaces, generalized flag manifolds with invariant symplectic forms, toric Kähler manifolds etc., from both viewpoints of symplectic geometry and Riemannian geometry (cf. Section 1).
In this paper we study compact Lagrangian submanifolds in complex hyperquadrics Q n (C). The n-dimensional complex hyperquadric Q n (C) is a compact complex algebraic hypersurface defined by the quadratic equation z = 0 in the (n + 1)-dimensional complex projective space, which is isometric to the real Grassmann manifold of oriented 2-dimensional vector subspaces of R n+2 and is a compact Hermitian symmetric space of rank 2. In Section 2, we discuss a link of Lagrangian Geometry in the complex hyperquadrics with Hypersurface Geometry in the sphere. We know a fundamental fact that the Gauss map of any oriented hypersurface in the standard sphere S n+1 (1) is always a Lagrangian immersion into the complex hyperquadric Q n (C). It follows from the mean curvature formula of B. Palmer ( [37] ) that the images of the Gauss map of compact oriented hypersurfaces with constant principal curvatures, so called isoparametric hypersurfaces, in spheres provide a nice class of compact minimal Lagrangian submanifolds embedded in complex hyperquadrics. Particularly homogeneous isoparametric hypersurfaces in spheres correspond to minimal Lagrangian orbits in complex hyperquadrics. The theory of isoparametric hypersurfaces was originated bý Elie Cartan. We know that by the result of W. Y. Hsiang-J. B. Lawson ( [16] ) homogeneous isoparametric hypersurface can be obtained as a principal orbit of the isotropy representation of a compact Riemannian symmetric pair (U, K) of rank 2. Since non-homogeneous isoparametric hypersurfaces in spheres exist (H. Ozeki-M. Takeuchi ([34, 35] )) and are almost classified (D. Ferus-H. Karcher-H. F. Münzner ([12] ), T. Cecil-Q. S. Chi-G. R. Jensen ( [9] )) at present, they also give many nice examples of compact non-homogeneous minimal Lagrangian submanifolds in complex hyperquadrics.
As the theory of isoparametric hypersurfaces are now well-developed in differential geometry, we are interested in the following problem :
Problem. Investigate properties of compact minimal Lagrangian submanifolds in complex hyperquadrics obtained as Gauss images of isoparametric hypersurfaces in spheres. More generally, study compact Lagrangian submanifolds in complex hyperquadrics by using the theory of isoparametric hypersurfaces in spheres.
A Lagrangian submanifold obtained as a Lagrangian orbit of the Hamiltonian group action on M is called a homogeneous Lagrangian submanifold. The investigation of the Lie-theoretic construction of Lagrangian submanifolds is inspired by [32] , [5] . In Section 3 we shall discuss Lie algebraic properties of homogeneous isoparametric hypersurfaces in spheres related with homogeneous Lagrangian geometry in complex hyperquadrics such as the moment maps.
In Section 4, based on the link with theory of homogeneous isoparametric hypersurfaces, we shall show a classification theorem of compact homogeneous Lagrangian submanifolds, i.e., Lagrangian orbits of compact connected Lie subgroups of SO(n + 2), in Q n (C). The moment map technique plays an essential role in the argument. We shall prove that all compact homogeneous Lagrangian submanifolds in Q n (C) are the Gauss image of compact homogeneous isoparametric hypersurfaces in spheres, or are obtained as their Lagrangian deformations in the following cases : Suppose that (U, K) is one of (a) (S 1 × SO(3), SO(2)), (b) (SO(3) × SO(3), SO(2) × SO(2)), (c) (SO(3) × SO(n + 1), SO(2) × SO(n)) (n ≥ 3), (d) (SO(m + 2), SO(2) × SO(m)) (n = 2m − 2, m ≥ 3). In the first two cases, it is elementary and well-known to describe all Lagrangian orbits of the natural actions of K = SO(2) on Q 1 (C) ∼ = S 2 and K = SO(2) × SO(2) on Q 2 (C) ∼ = S 2 × S 2 . Also in the last two cases there exist one-parameter families of Lagrangian K-orbits in Q n (C) and each family contains Lagrangian submanifolds which can NOT be obtained as the Gauss image of any homogeneous isoparametric hypersurface in a sphere. The fourth one is a new family of Lagrangian orbits and it will be discussed in detail.
The notion of Hamiltonian minimality and Hamiltonian stability for Lagrangian submanifolds in Kähler manifolds was introduced and investigated first by Y. G. Oh ([29] , [30] , [31] , [32] Problem. Construct and classify compact Hamiltonian stable minimal or Hminimal Lagrangian submanifolds in specific Kähler manifolds.
In Section 5 we shall determine Hamiltonian stability of compact minimal Lagrangian submanifolds embedded in Q n (C) obtained as Gauss images of isoparametric hypersurfaces with g = 1, 2, 3. Due to the result of E. Cartan, they all are homogeneous. The Gauss images of compact isoparametric hypersurfaces with g = 2 are not Hamiltonian stable if and only if the multiplicities m 1 , m 2 of the principal curvatures satisfy m 2 − m 1 ≥ 3. We shall show that the Gauss images of all compact isoparametric hypersurfaces with g = 3 are Hamiltonian stable and they provide new examples of compact Hamiltonian stable minimal Lagrangian submanifolds embedded in Q n (C).
By the definition a Lagrangian deformation is a smooth family of Lagrangian immersions ϕ t : L −→ M with ϕ = ϕ 0 . Let α Vt be a 1-form on L corresponding to its variational vector field
is an integral cohomology class. Then there is a complex line bundle L over M with a U(1)-connection ∇ whose curvature coincides with √ −1ω, and thus the Lagrangian property is equivalent to the flatness of the induced connection in the pull-back U (1) 
Then by straightforward calculations we obtain the formula
Hence the statement of the theorem follows from this formula.
1.1. Moment maps and Lagrangian orbits. We call a Lagrangian submanifold obtained as a Lagrangian orbit of a Lie group a homogeneous Lagrangian submanifold. Suppose that a connected Lie group K acts on M in a Hamiltonian way. Let k denote the Lie algebra of Lie group K and k * its dual vector space. Let µ : M −→ k * be the moment map for the Hamiltonian group action K on M. By the definition the moment map µ satisfies the following conditions :
( In the case when K is compact, we can identified k * with k via a fixed Ad(K)-invariant inner product of k. The following results are on the connectivity of the level subset and the convexity of the image of the moment maps.
, cf. [13] ). Suppose that K is a compact, connected Lie group with the Hamiltonian action on a compact symplectic manifold M. Let T be a maximal torus of K with Lie algebra t. 
Here we suppose that L is compact without boundary. 
where
where {e i } is a local orthonormal frame on L and
for each X, Y, Z ∈ T L, which is a symmetric 3-tensor field on L defined by the second fundamental form B of L in M.
We know that if a Kähler manifold M is simply connected or b 1 (M) = 0, then any holomorphic Killing vector field V on M is always a Hamiltonian vector field, and thus it generates a volume-preserving Hamiltonian deformation of every H-minimal Lagrangian immersion into M. Such a Hamiltonian deformation should be considered as a trivial element of the null-space of the second variations. In the case when L is a compact minimal Lagrangian submanifold (i. e. H ≡ 0) in an Einstein-Kähler manifold M with Einstein constant κ, the second variational formula is quite simplified and it follows that L is H-stable if and only if the first (positive) eigenvalue λ 1 of the Laplacian ∆ 0 L of L on functions satisfies the inequality λ 1 ≥ κ.
We do NOT know so many examples of compact Hamiltonian stable Lagrangian submanifolds yet. The elementary examples of compact H-stable minimal or H-minimal Lagrangian submanifolds are as follows : (1) circles on a plane S 1 ⊂ C, (2) great circles and small circles
and the quotient space by the S 1 -action T n ⊂ CP n ( [31] ). In [1] , the Hamiltonian stability of compact irreducible minimal Lagrangian submanifolds with parallel second fundamental form (i.e., ∇S = 0) embedded in complex projective spaces was shown : 
M. Takeuchi ([40] ) classified all compact totally geodesic Lagrangian submanifolds in compact irreducible Hermitian symmetric spaces. He proved that they all are real forms of Hermitian symmetric spaces, i.e., the fixed point subset of anti-holomorphic isometries, and are given as symmetric R-spaces canonically embedded in compact Hermitian symmetric spaces. The Hamiltonian stability of all compact totally geodesic Lagrangian submanifolds embedded in compact irreducible Hermitian symmetric spaces (with Einstein constant 1/2) are known as follows ([40] , [1] 
Yes Yes E 6 /T · Spin(10) P 2 (K) Yes
Yes Yes
No No where G p,q (F) : Grassmanian manifold of all p-dimensional subspaces of F p+q , for each F = R, C, H. P 2 (K) : Cayley projective plane. Q n (C) : complex hyperquadric of complex dimension n. Here each M is equipped with the standard Kähler metric of Einstein constant 1/2 and λ 1 denotes the first eigenvalue of the Laplacian of L on smooth functions.
Remark. The second named author apologizes that there are some inaccuracies in the cases of M = Q n (C) at the table of [1, p.608] . It should be corrected as above.
2. Lagrangian submanifolds in complex hyperquadrics and hypersurface geometry in spheres
Next we shall discuss Lagrangian submanifolds in the complex hyperquadrics
the latter are compact irreducible Hermitian symmetric spaces of rank 2 if n ≥ 3 and S 2 × S 2 if n = 2. Here Q n (C) denotes the complex hypersurface of CP n+1 defined by the algebraic equation
= 0 and Gr 2 (R n+2 ) denotes the real Grassmann manifold of oriented 2-planes in R n+2 . Let L be the tautological holomorphic line bundle over Q n (C) and through the identification Q n (C) ∼ = Gr 2 (R n+2 ), the holomorphic line bundle L can be also considered as the tautological real vector bundle V of rank 2 over Gr 2 (R n+2 ). Geometry of Lagrangian submanifolds in complex hyperquadrics has the important relationship with Hypersurface Geometry in the unit sphere S n+1 (1) . Let N n ⊂ S n+1 (1) ⊂ R n+2 be an oriented hypersurface immersed in the unit standard sphere. Now we denote by x its position vector of point p of N n and by n the unit normal vector field of N n in S n+1 (1). Then we can define its "Gauss map"by
Here [ x(p) ∧ n(p)] denotes an oriented 2-plane in R n+2 spanned by two vectors x(p) and n(p). Then the fundamental fact is that G is a Lagrangian immersion ( [36] , [37] ). Moreover we can observe that
is a smooth family of smooth immersions with F = F 0 , then a smooth family of the Gauss maps
is a Hamiltonian deformation of the Gauss map ϕ 0 = G. If N n is compact or {ϕ t } is compactly supported, then there exists a positive real number δ < c and a smooth family of smooth immersions F t : N n → S n+1 (1) (|t| < δ) with F 0 = F such that the Gauss map of F t coincides with ϕ t for each t with |t| < δ.
Proof. (1) For each point p ∈ N, we denote by x t (p) the position vector of the point F (p) for the immersion F t : N n → S n+1 (1) (|t| < c). Let n t denote the unit normal vector field of the immersion F t compatible with the orientations. Then { x t , n t } defines an orthonormal frame field of the pull-back vector bundle G * t V defined on the whole N n , which is parallel with respect to the induced flat connection. Thus for all t the induced flat connections have trivial holonomy, particularly same holonomy. Therefore by Theorem 1.1 the family
t L also has trivial holonomy. Thus for each t we can choose smoothly a parallel orthonormal frame field {v
Then a smooth family of smooth maps
(1) satisfies F 0 = F and hence there is a sufficiently small δ > 0 such that each F t (|t| < δ) is an immersion into S n+1 (1) whose Gauss map coincides with ϕ t .
A local weaker version of Proposition 2.1 was stated also in [37] . B. Palmer ( [37] ) showed the mean curvature form formula as follows :
is a minimal Lagrangian immersion. This case has been investigated by many authors. In the next section we shall discuss the case of general n when all principal curvatures κ i are constant.
For a point [V ] of Gr 2 (R n+2 ), the fiber of the vector bundle
be the decomposition into V and its orthogonally complementary subspace V ⊥ . We have the identification:
The standard complex structure J of Gr 2 (R n+2 ) is defined by
) and each v ∈ V , where j is a rotation of π/2 on the oriented 2-dimensional vector space V .
Let ϕ : L → Gr 2 (R n+2 ) be a Lagrangian immersion of an n-dimensional connected smooth manifold L and let g L denote a Riemannian metric on L induced by ϕ from the standard Riemannian metric of Gr 2 (R n+2 ). 
is the holonomy homomorphism of the flat connection ϕ −1 ∇. We define a smooth map F by
We should note that the map F is not always an immersion and thus the image F (Ñ) does not necessarily give a hypersurface in S n+1 (1). We express ϕ as
where V p is an oriented 2-dimensional vector subspace of R n+2 representing the point ϕ(p). The differential of ϕ
Proof. It follows from the Lagrangian condition of ϕ that
is an orthonormal basis of V p compatible with its orientation. Thus
On the other hand, the isometric condition of ϕ implies
Moreover, by using (2.3) and (2.4) we get
If we suppose that 0 = X ∈ KerB v 1 ⊂ T p L, then we have
Thus we see that if 0 < θ < π, then X / ∈ KerB v . Note that B v (X) = |sin θ| · X . More strongly we obtain
Proof. For each X ∈ KerB v and each Y ∈ KerB v 1 , we have
Therefore we obtain
For such a vector v, there is a unique maximal connected integral manifold N through (p, v) in ϕ −1 V of the horizontal distribution with respect to the flat connection ϕ
is an immersion in a neighborhood of (p, v) and F (Ñ) gives an immersed oriented hypersurface S n+1 (1) around (p, v).
Lagrangian submanifolds in complex hyperquadrics obtained as Gauss images of isoparametric hypersurfaces in spheres
Now suppose that N n is a compact oriented hypersurface in S n+1 (1) with constant principal curvatures, the so called "isoparametric hypersurface". By Münzner's result ( [21] , [22] ), N n is real algebraic in the sense that it is defined by a certain homogeneous real algebraic equation (Cartan-Münzner polynomial) and the number g of distinct principal curvatures must be g = 1, 2, 3, 4 or 6. Then the "Gauss image"of a minimal Lagrangian immersion G :
n by a free action of a finite cyclic group Z g of order g. We remark that g = 1 or 2 if and only if G : N n → Q n (C) is a totally geodesic Lagrangian immersion. All isoparametric hypersurfaces in spheres are classified into homogeneous ones, which are given as principal orbits of compact group actions on spheres with cohomogeneity 1, and nonhomogneous ones, which were discovered first by H. Ozeki 
The part of "only if "is trivial. Here we give a proof for the part of "if
In order to prove that N is also homogeneous, we analyze the K-equivariance of the bundle homomorphism
spanned by x(p) and n(p) with the orientation determined by {x(p), n(p)}.
Let {e 1 , · · · , e n } be a local orthonormal frame field compatible with the orientation of N around p such that h(e i , e j ) = κ i δ ij (i, j = 1, · · · , n), or equivalently A(e i ) = κ i e i (i = 1, · · · , n), where h and A denote the second fundamental form and the shape operator or the Weingarten map of the hypersurface N n in S n+1 (1), respectively. We denote by
for all φ ∈ R if and only if κ i = κ j . The eigenspace decomposition of A at p
corresponds the eigenspace decomposition of the symmetric linear endomor-
for some integer m.
for some ψ ∈ R, we get φ + ψ ≡ θ mod 2π. By the K-equivariance we have
Suppose that sin ψ = 0. Then k i − k j = 0 and thus it becomes
Here set k i = cot β i (0 < β i < π). Since we know from the theory of isoparametric hypersurfaces ( [21] ) that β i − β j ∈ (π/g)Z, we obtain that ψ ∈ (π/g)Z + πZ.
By the continuation argument on N n and K, it follows from Lemma 3.1 that N n = K · p 0 and thus N n is homogeneous. We complete the proof of Proposition 3.1. Table 2 g Type (
Here m 1 , m 2 denote the multiplicities of the principal curvatures of N n . Let u = k + p be the canonical decomposition of u as a symmetric Lie algebra of a symmetric pair (U, K) and a be a maximal abelian subspace of p. Let with respect to the inner product , u . The (n + 1)-dimensional unit sphere S n+1 (1) in p is defined as
The isotropy linear action Ad p of K on p and thus S n+1 (1) induces the group
we get a homogeneous isoparametric hypersurface in the unit sphere
Its Gauss image is
Here N and G(N n ) have homogeneous space expressions N ∼ = K/K 0 and
, where we set
The deck transformation group of the covering map G :
The moment map µ of the action of K on Q n (C) induced by the adjoint action of K on p is given as follows :
where {a, b} is an orthonormal basis of V ⊂ p compatible with its orientation.
Then we obtain
For each [V ] ∈ Gr 2 (p), the square norm of the moment map
is equal to the sectional curvature of compact symmetric space (U/K, g U ) for a 2-plane V (cf. [15] , [18] ). Here g U denotes the invariant Riemannian metric on U/K induced by the Ad(U)-invariant inner product , u of u. Let Σ(U, K) be the set of (restricted) roots of (u, k) and Σ + (U, K) be its subset of positive roots. Note that each γ ∈ Σ(U, K) is an R-linear function γ : a → √ −1R. We have the root decomposition of k and p as follows (cf. [39] ):
We can choose orthonormal bases of m and a ⊥ with respect to , u
and
for each H ∈ a.
The following condition (3.10) is used in the classification of Lagrangian orbits in complex hyperquadrics in the next section. Table 2 . Then (U, K) satisfies the condition
Lemma 3.2. Assume that (U, K) is a compact Riemannian symmetric pair in
if and only if (U, K) is one of the following pairs :
We shall prove Lemma 3.2. According to Table 2 , if K has the nontrivial center, then (U, K) must be (S 1 ×SO(3), SO(2)), (SO(3)×SO(n+1), SO(2)× SO(n)) (n ≥ 2) or an irreducible Hermitian symmetric pair (U, K) of compact type and of rank 2. It is obvious that (U, K) = (S 1 × SO(3), SO (2)) and (U, K) = (SO(3) × SO(n + 1), SO(2) × SO(n)) (n ≥ 2) satisfy the condition (3.10). Now we assume that (U, K) is an irreducible Hermitian symmetric pair of compact type and of rank 2. Note that dim c(k) = 1. We refer [15] for results from the theory of Hermitian symmetric Lie algebras. Let u = k + p be the canonical decomposition of u with respect to a Hermitian symmetric pair (U, K) and a be a maximal abelian subspace of p. Let g = k + √ −1p denote its noncompact dual in the complexification u C = g C and g C = k C + p C their complexification. Let c(k) be the center of k and h be a maximal abelian subalgebra of k and u so that c(k) ⊂ h ⊂ k ⊂ u. Let ∆ denote the set of all roots of g C with respect to h C and ∆ + denote the set of all positive roots in ∆ relative to a suitable linear order. α ∈ ∆ is called compact (resp. noncompact) if α = 0 (resp. α = 0) on c(k). We take the root decompositions with respect to h C :
Set ∆ c := {α ∈ ∆ | α = 0 on c(k)} and Q + := ∆ + ∩ ∆ c . Then there exist strongly orthogonal roots γ 1 , γ 2 ∈ Q + such that
Here we use X α ∈ g α such that for each α ∈ ∆,
Define an abelian subalgebra h
Then the condition
. We see that α + γ i and α − γ i are not roots. Thus we obtain the expression 16) where α ∈ ∆ runs all compact roots such that α ± γ i are not roots for all i = 1, 2. Hence from (3.16) we have
where α ∈ ∆ runs all compact roots such that α + γ i or α − γ i is a root for some i = 1, 2. And we have an orthogonal direct sum decomposition
From (3.17) and (3.18) we obtain Lemma 3.3.
By using Lemma 3.3, we determine Hermitian symmetric pairs (U, K) of compact type and of rank 2 satisfying the condition (3.10) as follows. We use the table of root systems for complex simple Lie algebras in [8] .
Let {α 1 , · · · , α l } be the fundamental root system of ∆. We express the highest rootα of ∆ asα
Define a basis {ξ 1 , · · · , ξ l } of h by
The fundamental weight system
Note that
In our case there is a subset I = {i 0 } of {1, 2, · · · , l} with m i 0 = 1 such that
where we define n i (α) as α = l i=1 n i (α)α i ∈ ∆ (all n i are nonnegative integers or all n i are nonpositive integers). Then we have
The strongly orthogonal roots are given by γ 1 = α 2 , γ 2 =α ∈ Q + . Therefore ∈RH α 2 + RHα = R(e 2 − e 3 ) + R(e 1 − e 4 ).
Note that AIII 2 (m = 2) ∼ = BDI 2 (m = 4). BII 2 : The case when (U, K) = (SO(m+2), SO(2)×SO(m)), m = 2l−1, l ≥ 2 is described as
The strongly orthogonal roots are given by γ 1 = α 1 , γ 2 =α ∈ Q + . Thus
Hence the condition (3.10) is satisfied in this case.
The case when (U, K) = (SO(m + 2), SO(2) × SO(m)), m = 2l, l ≥ 2 is described as
The strongly orthogonal roots are given by γ 1 = α 1 , γ 2 =α ∈ Q + .
Therefore the condition (3.10) is satisfied in this case.
DIII 2 : The case when (U, K) = (SO(10), U(5)) is described as
The strongly orthogonal roots are given by γ 1 = α 4 , γ 2 =α ∈ Q + . Hence
Therefore the condition (3.10) is not satisfied in this case. EIII : The case when (U, K) = (E 6 , Spin(10) · T ) is described as
Hα = 1 2 (e 1 + e 2 + e 3 + e 4 + e 5 − e 6 − e 7 + e 8 ).
,
(e 2 + e 3 + e 4 + e 5 + e 6 + e 7 ),
The strongly orthogonal roots are given by γ 1 = α 1 , γ 2 =α ∈ Q + . Hence
Therefore the condition (3.10) is not satisfied in this case. We complete the proof of Lemma 3.2. Using (3.13), we set
Then the center c(k) of k is given as follows :
Then we have
Proof. Using (3.14) we compute
In this computation we use the following properties of this type (cf. [8] ): (i)
Classification of homogeneous Lagrangian submanifolds in complex hyperquadrics
4.1. Lagrangian orbits and moment maps in complex hyperquadrics.
′ denote the moment map for the induced Hamiltonian group action of K ′ on Q n (C). By virtue of Lemma 2.3 there is a unit vector v ∈ V 0 such that the orbit K ′ ·v ⊂ S n+1 (1) through v under the group K ′ is a homogeneous isoparametric hypersurface embedded in S n+1 (1). Thus by Hsiang-Lawson's theorem ( [16] ) there is a Riemannian symmetric pair (U, K) of compact type and of rank 2 with compact connected K such that p = R n+2 , K ′ ⊂ Ad p (K), and K ′ · v = Ad p (K)v, where u = k + p denotes the canonical decomposition of the symmetric Lie algebra (u, k) of (U, K). Then we can show that
According to the classification due to T. Asoh ([4] ), if K ′ = Ad p (K), then one of the following cases happens :
ss is semisimple such that K ′ ss acts on S n+1 (1) with cohomogeneity 1.
(iii) K ′ is not semisimple and
ss is semisimple such that K ′ ss does NOT act on S n+1 (1) with cohomogeneity 1. In this case (a) K ′ = SO(2) × G 2 , n = 12, (U, K) = (SO(9), SO(2) × SO (7)). (2)×Spin (7), n = 14, (U, K) = (SO(10), SO (2)×SO (8)).
In case (i), since c(k
In case (iii), we may assume one of the following : (9), SO(2) × SO (7)) and
we can assume that v ∈ a. We take the orthogonal direct
⊥ . Let {v, jv} be an orthonormal basis of V 0 compatible with its orientation. Since
and so
is a Lagrangian orbit. Therefore we may assume that K = K ′ and thus k = k ′ . We choose an orthonormal basis {v 1 , v 2 } of V 0 compatible with the orientation of [V 0 ]. By the adjoint action of K on p we can assume that v 1 ∈ a ∩ S n+1 (1) . Following the decomposition (3.5), we decompose v 2 as
In the case when c(k) ∩ m = {0}, we have µ([V 0 ]) = 0 and thus
. Suppose that c(k) ∩ m = {0}, or equivalently {0} = c(k) ⊂ m. By Lemma 3.2, (U, K) must be one of the following : (2)), then the value s is equal to the maximum of sectional curvatures of (U/K, (2) (2)). Then
attains the maximum if and only if
In this case we define J := ad p Z by
This implies the statement (a).
We may assume that x 1 ≥ 0 and x
This implies the statement (b
If we set
We may assume that x ≥ 0. Let 
This implies the statement (c).
We can choose an orthonormal basis {v 1 , v 2 } of V compatible with the orientation of [V ] such that v 1 ∈ a ∩ S n+1 (1) and
where v 2,0 ∈ a and v 2,γ ∈ p γ . In this case
and set {H γ 1 = e 1 − e 2 , H γ 2 = e 2 , H γ 1 +γ 2 = e 1 , Hγ = H γ 1 +2γ 2 = e 1 + e 2 } ⊂ a. Then {H 1 := e 2 , H 2 := e 1 } is an orthonormal basis of a, which defines an orientation of a, and we have the root decomposition of a ⊥ with respect to Σ + (U, K) as
Using the orthonormal basis (3.7),(3.8), we express each v 2,γ as
where c γ,i ∈ R. Then we have
and 4.2. Two one-parameter families of Lagrangian orbits in complex hyperquadrics. In the cases of (U, K) = (S 1 × SO(3), SO (2)) and (U, K) = (SO(3) × SO(3), SO(2) × SO(2)), the induced action of K = SO(2) on Q 1 (C) is just the standard S 1 -action on S 2 via the identification Q 1 (C) ∼ = S 2 and the induced action of
respectively. In the first case every K-orbit except for two fixed points (0-dimensional isotropic orbits) is a Lagrangian orbit. In the second case every K-orbit except for four fixed points (0-dimensional isotropic orbits) and for four one-parameter families of 1-dimensional isotropic orbits is a Lagrangian orbit.
Suppose
Let {H 1 , H 2 } be an orthonormal basis of a, which defines an orientation of a, described in (3.20) or the proof of Lemma 4.1 (c),(d). For each λ = e √ −1θ ∈ S 1 , we define a 2-dimensional vector subspace W λ of p by
We denote by [W λ ] ∈ Gr 2 (p) a 2-dimensional vector subspace W λ oriented by the basis {cos θH 1 + sin θJH 2 , H 2 }. Then by Lemma 3.4 we obtain
4.3. Classification theorem of Lagrangian orbits in complex hyperquadrics. In the case (a) or (b), we already know all Lagrangian orbits. In the case of (c) or (d), as we showed in Subsection 4.2, there exists an S 1 -family [W λ ] ∈ Gr 2 (p) with λ ∈ S 1 = {λ ∈ C | |λ| = 1} satisfying the following conditions :
( 
(4.5)
Thus we have
Since Imµ∩c(k) is a 1-dimensional connected compact subset by Proposition 1.
. Therefore our classification of compact homogeneous Lagrangian submanifolds in complex hyperquadrics are described as follows. (
which is a minimal Lagrangian submanifold in Q n (C).
Remark. In each case when (U, K) = (SO(3)×SO(n+1), SO(2)×SO(n)) (n ≥ 3) or (U, K) = (SO(m+2), SO(2)×SO(m)) with n = 2m−2, there is a nontrivial one-parameter family of Lagrangian orbits in Q n (C). The family contains homogeneous Lagrangian submanifolds which can NEVER be obtained as the Gauss images of homogeneous isoparametric hypersurfaces.
Corollary 4.1. Any compact homogeneous Lagrangian submanifold in a complex hyperquadric is obtained as the Gauss image of a compact homogeneous isoparametric hypersurface in a sphere, or as its Lagrangian deformation.

Hamiltonian Stability of Gauss images of isoparametric hypersurfaces in spheres
Let N n be an oriented compact isoparametric hypersurface embedded in S n+1 (1). Now we already know that its Gauss map G : N n → Q n (C) is a minimal Lagrangian immersion. In [37] Palmer showed that the Gauss map G : N n → Q n (C) is Hamiltonian stable if and only if N n = S n ⊂ S n+1 (1) (g = 1).
Problem. Investigate the Hamiltonian stability of its Gauss image G(N n ) = N n /Z g embedded in Q n (C) as a compact minimal Lagrangian submanifold.
Let g std Qn(C) denote the SO(n + 2)-invariant Riemannian metric induced from the standard Euclidean metric of R n+2 , whose Einstein constant is equal to n. Let g KC Qn(C) denote the SO(n + 2)-invariant Riemannian metric induced from the Killing-Cartan form of SO(n + 2), whose Einstein constant is equal to 1 2 (cf. [18] ). We also can use Table 1 in Section 1 to determine the Hamiltonian stability in the cases of g = 1 and g = 2, because G(N n ) is a totally geodesic Lagrangian submanifold in Q n (C) in these cases.
is Hamiltonian stable. In the case of g = 3, all isoparametric hypersurfaces are homogeneous by E. Cartan's result. In this section we prove the following result.
Theorem 5.1. Suppose that g = 3, that is, N n is one of the following isoparametric hypersurfaces :
Remark. In case g = 3 the induced metrics from Q n (C) have nice intrinsic properties. In (1), L has constant sectional curvature 1/96 if the Einstein constant of Q n (C) is equal to 1 2 . In (1)- (4), L has non-negative sectional curvatures. In fact, the induced invariant metrics are normal homogenous metrics.
Refer also [24] , [19] , [23] for investigation on the first eigenvalue of the Laplacian of homogeneous isoparametric hypersurfaces in spheres.
We recall some results from the spherical function theory on compact homogeneous spaces to order to determine the first eigenvalues of G(N n ) relative to the induced metric from Q n (C), Suppose that , k is an AdK-invariant inner product of k. For a compact Lie subgroup S of K with Lie algebra s, we take the orthogonal direct sum decomposition k = s + m and the vector space m is identified with the tangent vector space T eS (K/S) of compact homogeneous space K/S at the origin eS. The Casimir operator C of (K, S) with respect to , k by C := n i=1 X i , where {X i | i = 1, · · · , n} is an orthonormal basis of m with respect to , k . Let D(K) be the complete set of all inequivalent irreducible unitary representations of a compact Lie group K. For a maximal abelian subalgebra h of k, let Σ(K) be the set of all roots of k with respect to h and let Σ + (K) be its subset of all positive α ∈ Σ(K) relative to a linear order on h. Set
Then we know that there is a bijective correspondence between D(K) and D(K) : Each Λ ∈ D(K) uniquely corresponds to an irreducible unitary representation (V Λ , ρ Λ ) of K with the highest weight Λ, up to the equivalence. Here we denote by , V Λ a K-invariant Hermitian inner product equipped on V Λ . Let (V Λ ) S denote the vector subspace of V Λ consisting of all vectors fixed by
By the Peter-Weyl's theorem we know that
Here each w ∈ (V Λ ) S and each v ∈ V Λ correspond to f ∈ C ∞ (K/S) defined by
Then the Laplace-Beltrami operator ∆ K/S with respect to the metric g K/S on K/S induced by , k is expressed in terms of C as
By Schur's lemma there is a real constant c(Λ, , k ) ≤ 0 such that
The eigenvalue c(Λ, , k ) is described by the Freudenthal's formula
We shall consider our compact homogeneous spaces K/K 0 and K/K [a] . The tangent vector spaces
) can be identified with the vector subspace m in (3.6) of k. Let , denote the K a -invariant inner product of m corresponding to the K-invariant Riemannian metric G * g std Qn(C)
on K/K 0 induced from g std Qn(C) through the Gauss map G. Using the standard basis (3.7),(3.8), we compute
is an orthonormal basis of m with respect to , . Suppose that g = 3. Since (U, K) is type A 2 , we have
on m. On the other hand, since K is simple, we can define an AdK-invariant inner product , k = −B k ( , ) of k by using the Killing-Cartan form B k of k and moreover there is b > 0 such that
Thus we obtain
is Hamiltonian stable if and only if
is equal to Cn. 
, we obtain
.
(1) The case (U, K) = (SU(3), SO(3)) : Define a basis {E 1 , E 2 , E 3 } of Lie algebra su(2) of SU(2) by
Let ψ : SU(2) → SO(3) be a universal covering Lie group homomorphism defined by Ad(a)( The groupK 0 is a finite subgroup of order 8 generated by
The Casimir operator C of SU(2) with respect to the inner product , k is given as
Then we obtain Lemma 5.3 (cf. [24] ). ). Thus if we assume that w = aw 1 + bw 2 ∈ (V m )K [a] , then by the above equations (ρ 4 (B))w = w implies that w = 0. Hence we obtain (V 4 )K [a] = {0}. For m = 6, since a simple computation implies that (ρ 6 (B))w Let {α 1 , α 2 } be the fundamental root system of SU(3) and {Λ 1 , Λ 2 } be the fundamental weight system of SU (3). We use the results of Satoru Yamaguchi [41] and −c(3Λ 1 , , k ) = −c(3Λ 2 , , k ) = 2. By [20] we have dim C (V 3Λ 1 ) T 2 = dim C (V 3Λ 2 ) T 2 = 1. Hence the nullity is equal to dim(V 3Λ 1 ) + dim(V 3Λ 2 ) = 10+10 = 20 = dim(SO(8))−dim(SU(3)). We conclude that L = G(SU(3)/T 2 ) is strictly Hamiltonian stable. Since we see that 2Λ 1 / ∈ D(Sp(3), Sp (1) 3 ) by using [20] , we obtain that
and −c(Λ 1 + Λ 3 , , k ) = 3/2. By [20] we have dim C (V Λ 1 +Λ 3 ) Sp(1) 3 = 1. Hence the nullity is equal to dim(Λ 1 + Λ 3 ) = 70 = dim(SO (14)) − dim(Sp(3))(= 91 − 21). We conclude that L = G(Sp(3)/Sp (1) 3 ) is strictly Hamiltonian stable. and −c(Λ 3 , , k ) = 4/3. By [20] we have dim C (V Λ 3 ) Spin(8) = 1. Hence the nullity is equal to dim(Λ 3 ) = 273 = dim(SO(26)) − dim(F 4 )(= 325 − 52). We conclude that L = G(F 4 /Spin (8)) is strictly Hamiltonian stable. This proves the theorem.
